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Let p be an odd prime, [ a primitive pth root of unity. It is proved that 
n(1 +iik)‘, 1 <k<p- 1 is a perfect pth power in Z(i[) only if p divides 1 tpm ‘, 
1 <t< Lp/4J, and that it is a perfect pth power for p= 241. Properties of the 
general product n( 1 + aq’)k, 1 <k <n, are investigated. T‘ 1991 Academic Press, Inc. 
INTRODUCTION 
For an odd prime p we let [ be a primitive pth root of unity, i = fi, 
and consider the ring of integers of Q(i, 0. In the process of trying to find 
a generator for K,(Q(I’)), Marc Levine was led to ask whether the unit 
n(l+cY, lQk<p-1, 
could be a perfect pth power. A necessary condition for it to be a pth 
power is that it is congruent to a Gaussian integer modulo p. This condi- 
tion is often also sufficient, as in the case of regular primes [ 11. 
Calculations led to the observation that for small values of p, 
n (1 +ick)k~~+flJ.PPZ (modp), (1) 
where I = 1 - [ and o! and B are Gaussian integers, fi relatively prime to p. 
Levine thus refined his problem to two questions: 
(1) Does the congruence 1 hold for all odd primes ? 
(2) Is fl always relatively prime to p? 
In this paper, I shall prove that the answer to the first question is 
affirmative, and the answer to the second negative. More generally, I shall 
prove the following results: 
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THEOREM. Let p be a prime greater than 3, c a primitive p th root of 
unity, A= 1 - [, and a an indeterminate, then 
P--l 
kF, (1 ta[k)k=(l +aP)‘P-1”2 -(I +a~)(~--3W (pi1 (-a+) AP-2 
r=1 
(mod P), (2) 
where t - ’ denotes an inverse oft module p. 
COROLLARY. The product 
fl (l-ilk)k, 1 <k<p- 1, 
is congruent to a Gaussian integer module p, p > 5, if and only if p divides 
c tp-3, 1< t 6 Lp/4J 
The corollary gives an easily computed quantity to answer the second 
question for any specific prime. Of the primes below 5000, p divides B for 
precisely two primes, 149 and 241. Since 241 is regular, the product in 
question is a perfect pth power for at least one prime, namely p = 241. 
The Theorem will be proved in Section 2, the Corollary in Section 3, and 
Section 4 will be devoted to questions and observations about the more 
general product 
n (1 +aqk)k, 16kGn. 
2. PROOF OF THE THEOREM 
We begin by defining 
p--l (x- 1)J 
F(x) = JJ (1 + axk)k = 1 F”‘( 1) - 
k=l j  2 0 j! ’ 
where the second equality is simply the Taylor expansion about x = 1. If we 
set x = 5, then x - 1 = -1. Using the fact that ipP ’ is p times a unit, we 
see that 
The first term is easily computed, 
(mod P). 
641/38/l-8 
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We now set up a recursion to find the remaining terms. We let 
F’(x) H(x)=-= ,I - 1 ak2euk ~~ 1 FLY) c -= -,f,, (--a)‘P&2.~k’-‘. kc’ l+axk k=i (4) 
Since F’(x) = H(x)F(x), we have the recursion 
Since 
F(‘+‘)(l)= i ()H”‘(l)F’l-“(l). 
/=O 
P-l 
1 kj=O (modp) for j= 1, 2, . . . . p-2, 
k=l 
we have from Eq. (4) that 
H”‘( 1) = 0 (mod p) for j=O, 1, . . . . p-4. 
Combining this with Eq. (5), we see that 
F”‘( 1) E 0 (mod p) for j= 1, 2, . . . . p - 3. 
To find FcpP2)( 1 ), we note that 
P--l P-1 
c kpP1= c 1 (modp) 
k=l k=l 
=- - 1 (mod P) 
and then observe that from Eq. (4) 
H(PP3)(1)= - f (-a)“i’ k2(kt- l)(kt-2)...(kt-p+3) 
r=1 k=l 
= _ ‘$ (-u)fpil kPp1tPp3 (mod P) 
f=l k=l 
3c 
E 1 (-up-3 (mod P) 
I=1 
= f i (-a)Piff(pj+t)p-3 (mod p) 
j=O r=l 
(mod P) 
=& $ (-aytp-3 - 
f-l 
(mod P). 
(5) 
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The theorem now follows from the fact that 
and 
(p-2)!= 1 (mod P), 
F’P-*)(l)=H(p--)(l)F(l) 
E(1+aq(~-3)‘2 i (-a)‘~-~ (modp) 
r=1 
P-l 
_ (1 + a~)(P~3v2 
,c, (-aY tr2 (mod PI. 
3. PROOF OF COROLLARY 
It follows from the Theorem that our product is a Gaussian integer if 
and only if p divides 
p--l 
s,= 2 (-i)‘tr’, 
*= 1 
where we shall only concern ourselves with the value of S, modulo p. 
Note that 5 divides neither S, nor l2 = 1. Assume that p is larger than 5. 
Reversing the order of summation yields 
p--l P--l 
s,= c (-i)“-‘(p-t)-*z(-iy c i’tr2 (mod P), 
r=1 t=1 
and thus 
(P- 1)/2 (p-IV2 
(I+(-i)-P)Sp= 1 (-i)2z(2t)-2-4-1 c (-l)‘t-’ (mod PI. 
I=1 t=1 
Thus p divides S, if and only if it divides 
(P- 1)/2 
T,= c (-l)‘t-‘. 
r=l 
But now TP can be rewritten as 
LPI4J L3p/4J 
T,= C (-1)2’(2t)-2- C (-l)2r(2t)-2 
r=1 f = rPi2i 
i 
LPI41 L3P/4J 
=4-l c t-2- c 
f=l t=rpj2y fp2l 
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Thus subtracting T, from 4Tp yields 
LPi4A LPI21 LP/4J LP/7-i 
3T,-2 c tr2-2 c t-2=2 c t-2-2 c 
t= 1, rodd f = rp/41, reven I=1 
LPI41 LP/4A 
=2 1 (t-*-(2t)-*)Z2(1-4-1) 1 * (mod P). 
Thus p divides T, if and only if p divides 
LPl4d 
,F, t-2. 
The Corollary now follows from Fermat’s “Little Theorem” for p I, t, 
t-2E tp-3 
(mod PI I 
4. GENERAL QUESTIONS AND OBSERVATIONS 
Despite its obvious similarity to the generating function for plane 
partitions, the product 
F,(a, q) = fi (1 + aqy = 1 c,(n, q)a’ 
k=l f&O 
appears to have been studied very little. The only result of which I am 
aware is E. M. Wright’s [2] asymptotic formula for the coefficient in the 
power series of lim, _ o. F,( - 1, q). 
The polynomials c,(n, q) have an obvious and not very illuminating 
interpretation: the coeffkient of qi in c,(n, q) being the number of partitions 
of i into exactly t distinct colored parts, each part at most n, parts of size 
j being available in j distinct colors. It would be nice to have some connec- 
tion between these partitions and plane partitions. 
There are a few observations that can be made about these polynomials 
all of which follow immediately from their definition: 
(1) c,(n,q)#OifandonlyifO<t<(“:‘). 
(2) For n>,l and t>,O, 
A CYCLOTOMIC UNIT AND RELATED PRODUCTS 115 
(3) For n> 1 and ta0, 
c,h 4) = 4 n(n + I K2n + 1 )/6c (“;I)+ 4-‘1. 
(4) The lowest power of q with non-zero coefficient in c,(n, q) is the 
(t + 1)st term in the sequence 0, 1, 3, 5, 8, 11, 14, 18, . . . . whose successive 
differences are 1, 2, 2, 3, 3, 3, 4, 4, 4, 4, 5, . . . . Equivalently, let j be the 
largest integer for which ( j: ‘) < t. Then the lowest power of q is 
Aj+ lWj+ 1) 
6 +(t-f~1))(j+1)=t(j+l)-(/:2). 
(5) The highest power of q with non-zero coefficient in c,(n, q) is the 
(t+ 1)st term in the sequence O,n, 2n, . . . . n2,n2+(n- l), . . . . n2+(n- 1)9 
nZ+(n-1)2+n-2,..., whose successive differences are n n’s followed by 
n - 1 n - l’s, etc. Equivalently, let j be the largest integer for which (j: ‘) < 
(“l ‘) - t. Then the highest power of q is 
n(n+ 1)(2n+ 1) 
6 
+t(j+ l)+fi’)-(“:‘) (j+l). 
(6) The coefficient of the lowest power of q in c,(n, q) is 
where j is the largest integer for which 
(7) Cd% 4) = 1. 
(8) 
cl(n,q)= i 
k=l 
Observation (8) is intriguing. It would be interesting to know if other 
of these polynomials have reasonable expressions in terms of Gaussian 
Polynomials and differential operators. 
Finally, I offer a list of the coefficients of c,(n, q) for n < 5. Below each 
n, the tth line consists of the coefficients of c,- I(n, q). 
n= 1: 
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n = 2: 
1 2 
2 1 
n=3: 
1 2 3 
2 4 6 3 
1 6 6 6 1 
3 6 4 2 
3 2 1 
n=4: 
1 2 3 4 
2 4 10 11 12 6 
1 6 14 22 31 24 18 4 
3 10 28 38 48 44 26 12 1 
3 14 31 52 52 52 31 14 3 
1 12 26 44 48 38 28 10 3 
4 18 24 31 22 14 6 1 
6 12 11 10 4 2 
4 3 2 1 
n=5: 
1 2 3 4 5 
2 4 10 16 22 21 20 10 
1 6 14 32 51 74 83 84 60 40 10 
3 10 33 68 118 174 221 232 211 160 90 40 5 
3 14 46 102 202 302 411 474 483 400 300 170 75 20 1 
1 12 41 114 233 398 578 710 778 740 605 410 246 102 33 4 
4 23 84 191 382 594 816 946 980 875 692 449 250 111 32 6 
6 32 111 250 449 692 875 980 946 816 594 382 191 84 23 4 
4 33 102 246 410 605 740 778 710 578 398 233 114 41 12 1 
1 20 75 170 300 400 483 474 411 302 202 102 46 14 3 
5 40 90 160 211 232 221 174 118 68 33 10 3 
10 40 60 84 83 74 51 32 14 6 1 
10 20 21 22 16 10 4 2 
5 4 3 2 1 
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